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1 Motivations
Study: large system of quantum bosons

Usually: many-body N Ñ 8 mean field:

HN –

N
ÿ

i“1

p´∆i q `
1
N

ÿ

1ďiăjďN

wpXi ´ Xj q acting on L2pRd ,Cqb`N

Statistical description of the interaction: hφHartree “ ´∆ ` |φ|
2

‹ w with φ P L2pRd q

Experimental observation of the phase transition [2]

Theoretical description of the mean field theory [3]

Bose-Hubbard model: interacting bosons on a lattice

• Great success in physics:
Mott-insulator z Superfluid phase transition

• Mean field justified when d Ñ 8 and effective
in d “ 3

• Simple mathematical description

Results:
• Mean field limit as d Ñ 8 of the dynamics

and the ground state energy

• Describe a phase transition

• Strong particle interactions
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2 Bose-Hubbard model
Lattice: Λ – pZ{LZq

d with d , L P N such that d , L ě 2 of volume |Λ| “ Ld

One-lattice-site Hilbert space: ℓ2pCq of canonical basis |n⟩ – p0, . . . , 0, 1
loomoon

nth index

, 0, . . . q, n P N

2nd quantization: creation and annihilation operators:

a |0⟩ – 0, @n P N˚, a |n⟩ –
?
n |n ´ 1⟩ , (1)

@n P N, a: |n⟩ –
?
n ` 1 |n ` 1⟩ (2)

ra, a:s “ 1ℓ2 (CCR)

Particle number: N – a:a

Fock space: ℓ2pCqb|Λ| – F`

`

L2pΛ,Cq
˘

–
à

nPN

L2pΛ,Cqb`n (3)

Bose-Hubbard hamiltonian of parameters J, µ,U P R:

Hd – ´
J

2d

Op2d|Λ|q
hkkkkikkkkj

ÿ

x,yPλ
x„y

a:
xay `pJ ´ µq

ÿ

xPΛ

Nx `
U

2

ÿ

xPΛ

Nx pNx ´ 1q (4)

Dynamics for γd P L8
`

R`, S1
`

ℓ2pCqb|Λ|
˘˘

:

iBtγd ptq “ rHd , γd ptqs (B-H)

First reduced one-lattice-site density matrix:

γ
p1q

d –
1

|Λ|

ÿ

xPΛ

TrΛztxu pγd q (5)

2 Bose-Hubbard model 2/7



3 Mean field theory
Mean field hamiltonian for φ P ℓ2pCq:

hφ – ´J
`

αφa ` αφa
: ´ |αφ|

2 ˘

` pJ ´ µqN `
U

2
N pN ´ 1q (6)

Mott insulator z Superfluid phase diagram obtained
by minimizing φ ÞÑ ⟨φ|hφφ⟩[3]

with the order parameter

αφ :“ ⟨φ|aφ⟩

Phase transition: decompose

φ —
ÿ

nPN

λn |n⟩ ùñ αφ “
ÿ

nPN

?
n ` 1 λnλn`1

• Mott Insulator (MI): αφ “ 0

• Superfluid (SF): αφ ą 0

Dynamics
For φ P L8

`

R`, ℓ2pCq
˘

,

iBtφptq “ hφptqφptq (mf)

Corresponding projection

pφ – |φ⟩ ⟨φ| , qφ – 1ℓ2 ´ pφ (7)
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4 Main result
Recap

γ
p1q

d
–

1

|Λ|

ÿ

xPΛ

TrΛztxu pγd q iBtγd “

»

—

—

–

´
J

2d

ÿ

x,yPλ
x„y

a:
x ay ` pJ ´ µq

ÿ

xPΛ

Nx `
U

2

ÿ

xPΛ

Nx pNx ´ 1q, γd

fi

ffi

ffi

fl

(B-H)

αφ :“ ⟨φ|aφ⟩ iBtφ “

ˆ

´J
`

αφa ` αφa:
´

ˇ

ˇαφ
ˇ

ˇ

2 ˘

` pJ ´ µqN `
U

2
N pN ´ 1q

˙

φ (mf)

Theorem: S.Farhat D.P S.Petrat 2025

Assume

• γd solves (B-H) with γd p0q P S1
`

ℓ2pCqb|Λ|
˘

such that Tr pγd p0qq “ 1

• φ solves (mf) with φp0q P ℓ2pCq such that ∥φ∥ℓ2 “ 1

• Dc1, c2 ą 0 such that @n P N,

Tr ppφp0q1N“nq ď c1e
´ n

c2 , Tr
´

γ
p1q

d p0q1N“n

¯

ď c1e
´ n

c2 . (8)

Then D C – C pJ, c1, c2,Tr ppφp0qN qq ą 0 such that @t P R`,

∥∥∥γp1q

d ptq ´ pφptq

∥∥∥
S1

ď C

˜∥∥∥γp1q

d p0q ´ pφp0q

∥∥∥
S1

`
1

d
a

lnpdq

¸

eCte
Ct

?
lnpdq (9)

If
∥∥∥γp1q

d p0q ´ pφp0q

∥∥∥
S1

“ O
` 1
d

˘

, then @t P R`,∥∥∥γp1q

d ptq ´ pφptq

∥∥∥
S1

À eCte
Ct

?
lnpdq´lnpdq Ñ

dÑ8
0
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5 Convergence of the order parameter:

Use a ď N ` 1 and insert a N -cut-off:
ˇ

ˇ

ˇ
Tr

´

γ
p1q

d a
¯

´ Tr ppφaq

ˇ

ˇ

ˇ

ď

∥∥∥´

γ
p1q

d ´ pφ
¯

a
∥∥∥
S1

“

∥∥∥´

γ
p1q

d ´ pφ
¯

a pN ` 1q
´1

pN ` 1q

∥∥∥
S1

ď

∥∥∥∥∥∥∥
´

γ
p1q

d ´ pφ
¯

a pN ` 1q
´1

pN ` 1q1NăM
loooooooooooooooooomoooooooooooooooooon

ďM

∥∥∥∥∥∥∥
S1

`

∥∥∥∥∥∥∥
´

γ
p1q

d ´ pφ
¯

a pN ` 1q
´1

loooooomoooooon

ď1

pN ` 1q1NěM

∥∥∥∥∥∥∥
S1

ď M
∥∥∥γp1q

d ´ pφ

∥∥∥
S1

` Tr
´

γ
p1q

d pN ` 1q1NěM

¯

` Tr ppφpN ` 1q1NěMq
loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

Ñ0 when MÑ8 since the particle numbers are conserved

Any choice of M " 1 such that M
∥∥∥γp1q

d ´ pφ

∥∥∥
S1

! 1 as d Ñ 8 is sufficient to prove that

∥∥∥´

γ
p1q

d ´ pφ
¯

a
∥∥∥
S1

Ñ
dÑ8

0
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6 Sketch of the proof
• Propagation of moments of N :

Tr
´

pφptqN k
¯

ď

´

Tr
´

pφp0qN k
¯

` kk
¯

eCpt`1q,

same for Tr
´

γ
p1q

d ptqN k
¯

• Gronwall estimate tentative

ˇ

ˇ

ˇ
BtTr

´

γ
p1q

d qφ
¯ˇ

ˇ

ˇ
ď C

¨

˚

˚

˝

Tr
´

γ
p1q

d qφ
¯

` Tr
´

γ
p1q

d qφ
¯ 1

2 Tr
´

γ
p1q

d qφ pN ` 1q qφ
¯ 1

2

loooooooooooooooomoooooooooooooooon

Insert cut-off 1NăM`1NěM

`d´1

˛

‹

‹

‚

.

with ∥∥∥γp1q

d ´ pφ

∥∥∥
S1

À

c

Tr
´

γ
p1q

d qφ
¯

• Controlling large N terms

Tr
´

γ
p1q

d qφ pN ` 1q1NěMqφ
¯

ď eCpt`1q´Me´Cpt`1q

Ñ
MÑ8

0

• Close Gronwall and optimize in M:

M

d
loomoon

NăM error

“ e´M
loomoon

NěM error

ðñ MeM “ d ðñ M “ ln

¨

˝

d

ln
´

d
lnp... q

¯

˛

‚
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7 WIP: Ground-state energy
Recap

Hd “ ´
J

2d

ÿ

x,yPλ
x„y

a:
x ay ` pJ ´ µq

ÿ

xPΛ

Nx `
U

2

ÿ

xPΛ

Nx pNx ´ 1q (10)

αφ :“ ⟨φ|aφ⟩ hφ “ ´J
`

αφa ` αφa:
´

ˇ

ˇαφ
ˇ

ˇ

2 ˘

` pJ ´ µqN `
U

2
N pN ´ 1q (11)

Theorem: S.Farhat D.P S.Petrat 2025

inf
ψdPℓ2pCqb|Λ|

∥ψd∥“1

⟨ψd |Hdψd ⟩
|Λ|

Ñ
dÑ8

inf
φPℓ2pCq

∥φ∥“1

⟨φ|hφφ⟩

Upper bound: for φ P ℓ2pCq, 〈
φb|Λ|

ˇ

ˇHdφ
b|Λ|

〉
|Λ|

“ ⟨φ|hφφ⟩

Lower bound: for γd P S1
`

ℓ2pCqb|Λ|
˘

, consider

TrΛzte0,e1,...edu pγd q

with e0 P Λ and e1, . . . , ed a unit cell basis of nearest neighbours of e0.
Key steps: ground state symmetries & partially symmetric quantum De-Finetti theorem

7 WIP: Ground-state energy 7/7



Thank you for your attention
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