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1 Motivations

Study: large system of quantum bosons
Usually: many-body N — o0 mean field:

Hy =Y (-A)+— > w(X;—X) actingon [*(R?,C)®+N
i=1 1<i<j<N
Statistical description of the interaction: hHartree =-—-A+ |<,p|2 * w with ¢ € L2(RY)

Quantum phase transition from a superfluid to a Mott

insulator in an ultracold gas of atoms . . .
N N & N Bose-Hubbard model: interacting bosons on a lattice
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TW. Hinse™, 1 Bloch* e Great success in physics:
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Absrat e Mean field justified when d — o0 and effective
A quantum phase transition from a superfluid to a Mott mxululmg ground state was ohs\:rved in a Bose-FEinstein .
e raoTmOcalia i this xy e of physics with ind=3

sleacodaoric guactu guses s etered. o en atoms dom r of the many-body
system, such that it cribed by the usual theories for weakly interacting Bose gases anymore.

it ot be . . . .
005 Pblhd by vk Souns B e Simple mathematical description

Experimental observation of the phase transition [2] Results:
FHYSICAL REVIEW B VOLUME 40, NOMBER 1 suves @ Mean field limit as d — o0 of the dynamics
Boson localization and the superfluid-nsulator transition and the ground state energy
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Theoretical description of the mean field theory [3]

1 Motivations

1/7



2 Bose-Hubbard model

Lattice: A := (Z/LZ)¢ with d, L € N such that d, L > 2 of volume |A| = L9

One-lattice-site Hilbert space: ¢?(C) of canonical basis |n) == (0,...,0, 1 .,0,...),neN
——
279 quantization: creation and annihilation operators: nhindex
al0):==0, VYneN* a|n):=+/n|n—1),
VneN, af|n) =+/n+1|n+1)
[a,a] = 1,
Particle number: A == afa >>3
Fock space: 2C)®IN ~ F| (L*(A,C)) = @ L*(A,C)®+"
neN v
Bose-Hubbard hamiltonian of parameters J, u, U € R: -
o) /
—Zaxay +(J — MZNX-F*ZNX Nx—1)
X,YEX xeN xeN

X~y
Dynamics for 74 € L® (R4, St (¢2(C)®IN)):
i0tv4(t) = [Ha,va(t)]

First reduced one-lattice-site density matrix:

'Y((jl) = Z Trp <y (Vo)
‘A| xEN

(1)
(2)
(CCR)

3)

(4)

(B-H)

®)

2 Bose-Hubbard model
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3 Mean field theory

Mean field hamiltonian for ¢ € £2(C):

h? = —J(@pa+ apa’ —
nw—J
U
]
3 Ny=3
v\
N=3
2
N)=2
MI —&'— SF
Ne2 [
Z
‘s
| ==
R W=
MI SN
N =1
: \<N>'0
0 L -7
c U

U
Mott insulator \ Superfluid phase diagram obtained
by minimizing ¢ — (p|h? ¢)[3]

U
lapl?) + (= pN + SNW-1) (6)
with the order parameter
ap = (plag)
Phase transition: decompose
p = Z )\n\n> = ap = Z \/n+1)\7n)\,,+1
neN neN
e Mott Insulator (MI): o, = 0
e Superfluid (SF): o, > 0
Dynamics
For ¢ € L® (R4, £2(C)),
iorp(t) = h?(t) (mf)
Corresponding projection
Po = 1#) (¢l ap =T —py ()

3 Mean field theory

3/7



4 Main result

—| Recap}

st * d+/In(d)

J U
i) = Z Ting () 0eva = | == 3 alay + (J—w) 3 Nu+ = 2 MxWa —1),va | (B-H)
|A| 2d X,yEX XxEN 2 xeN
X~y
- B = = 2 v
ay = (plap) idtp = (*./(aq,a +oga —|agl?) + (4 — )N + EN(N — 1)) © (mf)
—| Theorem: S.Farhat D.P S.Petrat 2025 }
Assume
e ~, solves (B-H) with ~4(0) € St (82(C)®W) such that Tr (v4(0)) =
e ¢ solves (mf) with ©(0) € £2(C) such that [|¢]|,2 =1
e dci,cp > 0 such that Vne N,
Tt (pp(O)ln=n) <cre” 2, Tr(vP(O)In=n) < cre™=. ®)
Then 3 C == C (J, c1, &2, Tr (pp(0)N)) > 0 such that Vt € Ry,
1 1 1 ct
[P =poto]|, < (va ') - ) V@ (9)

If H'y(l)

o= O(%), then Vt € Ry,

|h$2 @) = po(0)], = e VI@R@ -, o

d—0

4 Main result
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5 Convergence of the order parameter:

Use a < N + 1 and insert a N-cut-off:
‘Tr (’y‘sl)a) —Tr (p¢a)‘
<[ (" =) el

_ H (751) _ p¢> AW+ 1) W+ 1)‘

st

N

(7" —pe) aW + DT WA Diven| + () o) aW DTN H D Tam
_—

<M s1 <1 st

o T (W DLyam) + T (pe (W + Diym)

<M H7,51> - Pw’

—0 when M— 0 since the particle numbers are conserved

Any choice of M » 1 such that M ch(,l) - p¢H51 « 1 as d — o is sufficient to prove that

| (" = e)

s
Sl d—wo
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6 Sketch of the proof

e Propagation of moments of N:
Tr (Pw(t)/\/k> < (Tr (pq,(O)/\/'k> + kk> eClt+1),

same for Tr (’yél)(t)/\/’k>

o Gronwall estimate tentative

joetr (1570 )| < € [ T (167 ) + T (2§74 ) fn (P W +1) qso)% +d1

Insert cut-off T ar cp+1ar=m

with

SEVALS (’Y((fl) %’)

e Controlling large N terms

— Me—C(t+1)
T (%(11)% (N+1)]1N2MQ</>) < eCltt1)—Me= o

M—o0
e Close Gronwall and optimize in M:
M d
= = M o MM=d = M=In| ——
d In d
~—— N=M error In(...)
N <M error

6 Sketch of the proof 6/7



7 WIP: Ground-state energy
—|Recap]|

J U
Hy = —— Z alaer(Jf,u)ZNer* ZNx(Nxfl) (10)
X,YEX xeN 2 xeN
x~y
U
ap = (plag)  h? = —J(apa+aga —|auf) + (J— pN + SNW -1 (11)

—| Theorem: S.Farhat D.P S.Petrat 2025 }

<7/’d|HdTZ)d> N inf ((plhgp<p>
ge2(C)®N Al d>o wer(c)
[[¥gll=1 [lell=1

Upper bound: for ¢ € £2(C),
BIN| 1, o®IN
@ 0
(O Hap®T) (plh?e)
Al
Lower bound: for v4 € St (¢2(C)®INl), consider

TrA\{eg,e1,...eq} (V)

with eg € A and ey, ..., e4 a unit cell basis of nearest neighbours of ep.
Key steps: ground state symmetries & partially symmetric quantum De-Finetti theorem

7 WIP: Ground-state energy 7/7



Thank you for your attention
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